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Abstract

Recent advances in statistical and computational methods have
resulted in an increased availability of approaches to analyse complex
data with possibly several levels of variability. These methods handle,
with a parametric approach, nonindependence, variance heterogeneity,
and non-normality, making them applicable to a wide range of actual
situations. Thus, variability, in its different forms, can be considered
as the subject of interest, and not as a nuisance. This is an invitation
to ecologists and evolutionists to give more emphasis on parameter
estimation in data analysis than is usually done. An understanding of
the methods reviewed here is likely to give insights in current issues
in ecology and evolutionary biology.

1 Introduction

Variation, variability, and heterogeneity are common words in the
ecological and evolutionary literature. Many current issues are cen-
tered the variable nature of important biological quantities. What
is the relationship between environmental variability and life-history
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strategies? How does spatial heterogeneity affect persistence of endan-
gered species? Does environmental variability synchronize local popu-
lations? What are the effects of temporal fluctuations in resources on
genetic variance components? How do mutation rates vary in DNA
sequences? These are a few examples of issues where variability should
be treated as the subject of interest rather than a nuisance in data
analysis.

The statistical methods commonly used by ecologists focus on the
mean tendency in the data through a linear model (e.g., linear re-
gression, analysis of variance). The linear model assumes that vari-
ance is homogeneous, meaning variance heterogeneity is not formally
appraised. This appears to be in contrast with the importance of
variability in ecology and evolutionary biology. The discrepancy is
understandable since much of the progress on statistical methods that
aim to analyse variability per se has been very recent. This progress
has led to new developments in computational methods and software,
resulting in the availability of these methods to non-specialists in a
wide range of situations. Also, new graphical methods have brought
fresh perspectives in exploratory analyses.

There is a wide range of situations where the assumption of home-
geneous variance does not hold: for instance, it is common to ob-
serve a heterogeneous dispersion of the data in scatterplots between
macro-ecological relationships such as geographic range, abundance,
and body size [7,8,11]. Another assumption which is often violated
is that of independent observations. Indeed, data are often collected
repeatedly on the same individuals, or on individuals that may be ge-
netically related, or that may interact in the field, and so on. This
phenomenon is called clustering of observations, and results in non-
null covariances among observations which is typically modelled with
a correlation matrix (Appendix 1). A slightly more complicated situa-
tion is when a parameter is better viewed as varying randomly rather
than systematically (Fig. 1). Finally, OVERDISPERSION is a common
form of variability when analysing count data.

There is a duality between considering variability as a nuisance or
as the subject of interest. Whether a student is in one situation or the
other actually depends on the context. From a methodological point
of view, there is not a great difference between the two situations, and
the methods reviewed here could be applied in both.

A common and well-known consequence of the failure to take the
sources of variability described above into account is an inflated type



I error rate [16,22]. There exist some methods to correct for this in
traditional statistical methods, but modelling it explicitly has been
shown to be a much more efficient and flexible approach in several
situations, such as the analysis of linkage in quantitative trait loci [54],
modelling growth curves [27], sex ratio analysis [17], meta-analysis
[38,47], or analysis of repeated measures [22].

2 Joint mean-variance modelling

Quite different phenomena, such as heteroscedasticity or overdisper-
sion, can be handled with the joint modelling of mean and vari-
ance. This can be done by using the usual linear model for the
mean Y = (X, which implies that we have for the ith observation
yi = Pz; + €;, and another model for the variance Var(e;) = exp(Az;)
instead of the usual assumption of Var(e;) constant [1]. A similar
approach can be used with non-normal data where in place of a stan-
dard linear model for ¥ a GENERALIZED LINEAR MODEL (GLM) will
be used [18,19].

Joint mean-variance models have several virtues. They can easily
be fitted with standard softwares providing the procedures to fit linear
models and GLMs can be called repeatedly. Heterogeneous variances
can readily be interpreted biologically since they may be related to
their covariates, and their statistical significance can be tested (e.g.
by testing Ho: A = 0). As mentioned above, this approch can include
several special cases, and thus appears as a simple and flexible method,
intermediate between the corrections of the linear model, and the more
complex (but more general) mixed-effects models. Surprisingly, joint
mean-variance modelling does not seem to have been considered by
ecologists though there are several potential applications, such as the
analysis of heterogeneity in demographic parameters in relation to
population density [2,33].

3 Mixed-effects models

The mixed-effects approach covers a wide range of models (Appendix 2).
Typically, a mixed-effects model (or ‘mixed model’ in short) includes
both fixed and random effects. A fixed effect is determined by a coeffi-
cient which is considered constant, whereas the coefficient of a random
effect is a random variable. From this formulation, one could be inter-
ested in estimating simply the variance of these random parameters,



and this is known as the estimation of wvariance components. It is
sometimes of interest to “estimate” the random effects themselves,
that is the value of these random parameters that has been realized
for each observation. The random effects cannot be estimated like
a parameter, and the term “predicted” is used: this is done with a
method called BEST LINEAR UNBIASED PREDICTOR.

Whether an effect should be considered as fixed or random de-
pends on the context, and a matter of judgement for the experimenter
given his knowledge of the data. Considering an effect as random may
greatly help to reduce the number of parameters in a model, from a
possibly large number of fixed effects to a single variance component.
For instance, imagine a data set collected on a large number of in-
dividuals where the interest is in a relation between a morphological
and an environmental variable. There are good reasons to suppose
this relation is influenced by effects at the level of the individual such
as the genotype, or the local environment. Considering individual as a
fixed (categorical) effect would require including a very large number
of parameters in the model (the number of individuals minus one).
The alternative is to consider individual as a random effect requiring
the estimation of only a single variance component. Conceptually,
this is similar to consider this random effect to be the result of the
many potential effects at the level of the individual. From a practical
perspective, the tests on the other (fixed) effects will not be biased
by this inter-individual variation. Furthermore, if several measures
were made on the same individuals, it is possible to take the inherent
correlation between them into account [6,35,39,42].

Mixed models have been used for several years in the analysis of
animal breeding experiments with the use of ‘animal models’ where
individuals are treated as random effects, and genetic variances are es-
timated with variance components estimators. The animal model ap-
proach has been applied successfully in a wild bird population [25,26].

Mixed models have seen a growing number of applications in the
past few years. We will see in the next subsections some of these, and
how using this modelling approach gave some insights.

3.1 Variation in survival rates in a sheep population

How density-dependent and density-independent factors affect sur-
vival in natural populations has been a long-lasting debate [9]. In
a study of Soay sheep (Owis aries), Milner et al. showed how a mixed



modelling approach to survival analyis affected their conclusions [28].
They modelled the annual variation in survival rates as a random
effect since such variations are more likely to be stochastic than de-
terministic. They also considered individual as a random effect in the
analysis of adult survival, since some individuals contributed several
times to the observations, but the resulting variance component was
very small.

Milner et al. [28] used an approach where they first selected fixed
terms with a GLM in order to avoid fitting many mixed models. Then
they added random terms, and further tested the fixed terms with
Wald statistics. The crucial point is that if the random effects were
ignored and considered as deterministic, as often done in survival anal-
yses, this would result in masking other effects on survival, such as
those of body weight, sex, or age. The estimated variance compo-
nents of the year effect on survival were 0.55 (juveniles), 0.89 (adult
females), and 1.93 (adult males).

3.2 Geographic variation in life-history traits of a vole

Variation in life-history traits is the corner-stone of most evolutionary
theories, but its quantitative assessment remains difficult [23]. Par-
ticularly, quantifying the respective influence of genes, environment,
and parental effects on phenotypic variation remains a critical issue.
Hansen & Boonstra studied variation in some life-history traits of the
meadow vole (Microtus pennsylvanicus) [12]. They used mixed models
in order to quantify the effects of environment, maternal influence, ge-
netic differentiation among population, and additive genetic variance
within populations, all considered as potential random effects. They
used an AIC-based approach (see Appendix 1) to select the significant
random effects.

In this study, the interest was clearly in estimating the variance
components rather than taking them into account in order to model
other (fixed) effects. The major results were that geographic variation
in body size and growth could not be accounted for by genetic differ-
ences, whereas within population variation was dominated by additive
genetic and maternal effects, both combined explaining about 40 % of
the variance.



3.3 Modelling fluctuating asymmetry

A particularly interesting example of variation as a quantity of interest
is the case of fluctuating asymmetry. Variations occurring among
both sides of bilaterally symmetrical organisms are supposed to reflect
the developmental instability of the individuals [24]. Estimation of
fluctuating asymmetry may be strongly affected both by measurement
error and directional asymmetry.

Van Dongen et al. [49] proposed a methodology with which to
model FA, directional asymmetry and measurement error using a
mixed model. This approach allows one to test for the significance
of fluctuating asymmetry, to model and test for heterogeneity in both
fluctuating asymmetry and measurement error among samples, to test
for non-zero directional asymmetry, to obtain unbiased estimates of
individual fluctuating asymmetry levels, and to analyze different traits
simultaneously. In this model, fluctuating asymmetry is not estimated
as a variation around a mean, as in the two-way mixed-effects analysis
of variance, but as a variation of a slope (Fig. 1).

Thomson [48] emphasized that using mixed models in the study of
asymmetry may also be applied to characters other than bilateral mor-
phologies, and could be a general approach to quantify developmental
stability.

3.4 Modelling Taylor’s power law in insects

Taylor’s power law is probably one of the most famous ecological the-
ory where variability is the focus of interest [45]. In simple words, it
states that the variability in abundance of species increases with their
mean abundances. Recently, Candy compared several approaches to
the analysis of insect count data from multi-level sampling [5]. Mixed
models and traditional approaches based on the use of different kinds
of analysis of variance generally gave similar results. However, the lat-
ter approaches sometimes estimated negative variance components, a
side-effect not encountered with mixed models which makes them more
appropriate for prediction. Furthermore, mixed models can accoma-
date the non-normality of observations (which is obvious with count
data) through using a generalized modelling framework.

Candy built on previous works [4] to develop an approach that
combines the features of mixed models with those of GENERALIZED
ADDITIVE MODELS to include a non-parametric function of the pre-
dictors [13,55]. This is an interesting perspective, but which should



be considered with caution since it is likely to combine the difficulties
in fitting generalized mixed models (see Appendix 2) with those of
choosing a smooth function for the non-parametric terms [50,52].

3.5 Variation in substitution rates in DNA and phylogenetic in-
ference

To take into account the variation in substitution rate along a DNA
sequence when reconstructing a phylogeny, Yang developed a method
where rates at different sites are taken to be random variables from a
gamma distribution [56]. He used a mixed model approach to perform
estimation with maximum likelihood [59]. However, in its original
form, this approach was only tractable for the analysis of very small
samples (6 or 7 species). Yang further proposed to discretize the
gamma distribution so that substitution rates vary through discrete
categories [57], which permits the analysis of large data sets [58].

This mixed modelling approach to phylogeny reconstruction con-
siderably improves the fit of molecular evolution models to phyloge-
netic data, and has been used to demonstrate the inadequacy of other
simpler methods of phylogeny reconstruction [43,53].

4 Correlated data and generalized estimating equations

An important class of methods is provided by generalized estimating
equations (GEEs) which can be viewed as extensions of the GLMs
in that the different observations are not assumed to be independent.
The GEE approach is related to the mixed-effects modelling, but it is
easier from a computational point of view [14]. There is however an
important distinction between the two approaches: with GEEs, the
focus is on the mean structure in the data, and the dependence among
observations is taken into account in order to have more efficient pa-
rameter estimates and less biased tests [32].

GEEs mixes the traditional formulation of a GLM with a corre-
lation matrix giving the strength of the dependence among observa-
tions [20] (Appendix 1). The structure of this matrix can either be
estimated from the data, or fixed by the user. The latter situation is
of particular interest if the dependence among observations is known
a priori, for instance, using genetic relatedness data. As with mixed
models, it is typical that observations are made on clusters which are
assumed to be independent.



An attractive feature of GEEs is that the analysis of non-normal
responses does not raise any special difficulty, whereas this requires
intense computations with approximate methods in the case of mixed
models (see Appendix 2).

An important property of GEEs is that they are robust to misspec-
ification of the correlation structure, meaning that the GLM analysis
associated with GEE fitting is not biased if the user is mistaken in his
assumptions about the dependence among observations [20], but the
estimation may become less efficient (i.e. the parameter estimates will
be less likely to be close to the true values of the parameters) in these
situations, particularly if the number of clusters is small [14].

GEEs are widely used in biomedical studies to analyse data col-
lected repeatedly on the same subjects, for instance doses measured
on the same patients during a treatment. This easily extends to situ-
ations such as the analysis of count data from ecological census where
there is a likely serial correlation through time (year-to-year) [46]. In
these cases, the generalized modelling framework takes into account
the non-normality of the data (which are of course integers) using a
Poisson distribution.

5 Graphical methods

There has been tremendous recent progress in the development of
graphical methods due mainly to the increase in computer power.
These methods give fresh perspectives on exploratory data analyses.
The most spectacular developments are those of dynamic graphics:
this can be done for a variety of methods (e.g., correlations, multi-
variate analyses). If a data set has a large number of variables, a
bivariate plot can be drawn with the variables on both axes changed
dynamically allowing the user to visualize all plots in turn. A more
complicated method is the grand tour where all variables (or a subset
selected by the user) are projected on a plane, and the contribution of
each variable to both axes is changed dynamically, mostly randomly
[44].

The increase in computing power has resulted in the concomi-
tant generalization of user-friendly tools (mainly using the computer
mouse) for the interactive visualisation of data such as brushing and
identification of observations, speed control of grand tour, selection of
variables, and so on [44].

Some graphical methods are particularly useful in conjunction with



particular analytical methods. For instance, multi-panel and condi-
tional plots or histograms, where a set of plots or histograms are drawn
with respect to one or several categorical variables, is a useful prelim-
inary to mixed modelling [36,37,51] (Fig. 1).

Graphical methods are in a state of continuous development, and
the near general availability of more powerful computers will certainly
lead to new methods. It is interesting that some software packages
already have a programmable graphic environment (e.g., R, S-PLUS;
see also Appendix 2) giving the opportunity to the user of creating
his own types of graphics.

6 Conclusions and future prospects

The recent developments and enhancements in methods for statistical
analysis give ecologists and evolutionists the opportunity to consider
variability with a new perspective, abnd to link tightly theoretical and
conceptual models [10,15,31] on one side, and empirical and statistical
models on the other side. Variability needs no longer to be considered
as a nuisance in data analysis, but can itself be the subject of study.
This is an invitation to ecologists and evolutionists to give more em-
phasis on parameter estimation than is currently done, a progression
that has been called for by statisticians for some time [30].

The currently increasing interest in mixed models will surely con-
tinue in the future. Since mixed models have been shown to perform
as least as well as specialized methods in several fields, they constitute
a general and flexible approach to data analysis. Mixed models will
be very useful in disciplines, such as genomics [41], were data are ac-
cumulating at a fast rate. The possibility of considering some effects
as random avoids the difficulties of over-parametrization which plague
classical models.
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Appendix 1. Modelling dependency among observations

Dependency among observations means that the value of a particular obser-
vation is partially influenced by the values of others. This translates into
non-null correlations among observations, and can be modelled with a cor-
relation matrix. For a standard linear model, this matrix would have 1’s
on its diagonal (each observation is equal to itself) and 0’s elsewhere (all
observations are independent). In methods such as mixed models or GEEs,
this is relaxed by assuming that the data are structured in clusters which
are independent, but observations within a cluster are dependent and their
correlation structure is the same. Clusters could be individuals on which a
variable is measured through time (temporal correlation), families in which
several members are studied (genetic correlation), plots sampled repeatedly
(spatial correlation), etc.
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Table A1 gives some examples of correlation structure that include those
most commonly available in statistical softwares (exchangeable, unstruc-
tured, and auto-regressive). Examples of the corresponding correlation ma-
trix with four observations per cluster (¢ = 4) are given. A correlation struc-
ture can also be defined using a function of some measure of dissimilarity
between observations: three examples are given that use physical distance.
In all cases, the values in the correlation matrix can be fixed by the analyst
so that no correlation parameter has to be estimated with the data (in the
case of GEEs, this is called a fixed correlation structure). Note that if the
parameters of the correlation matrix are fixed, then a single cluster may be
analysed and the regression parameters and their standard-errors estimated
taking the dependency among observations into account.

Table Al. Examples of correlation structure (c: cluster size)

Structure example number of parameters
Independence 1 0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
Exchangeable 1 p p p 1
(or compound p 1 p p
symmetric) p p 1 P
p P p 1
Unstructured 1 P12 P13 P14 clc—1)/2
(or general P12 1 023 P24
symmetric) P13 P23 1 P3.4
Pla P24 P34 1
Auto-regressive 1 p 02 03 1
p 1 p P
P p 1 P
P p 1

Exponential spatial

correlation

Gaussian spatial

correlation

Linear spatial

correlation

2 (N: nugget effect,
R: range)

idem

idem




Appendix 2. Mixed-effects models

Mixed-effects models (or mixed models in short) are regression models where
some coefficients are constant (like in a standard regression), and others vary
randomly. Mixed models are sometimes called random coefficients models or
multi-stratum (or multi-levels) models depending whether the emphasis is on
random variation in the coefficients or on the structure of the data.

Determining the structure of a mixed model, that is which effects are con-
sidered fixed and/or random, is a critical step. In some situations, this can
be done using prior information on the data (such as biological information).
Otherwise, the usual approach of testing for the significance of random and
fixed effects (similar to a stepwise procedure) can be used, but this can result
in fitting a very large number of models if there are many potential effects.
If this is the case, it is recommended to use a model selection criterion such
as the AKAIKE INFORMATION CRITERION (AIC) or the SCHWARZ INFORMA-
TION CRITERION (SIC) [22,36]. These criteria are particularly appropriate
to compare models with the same fixed effects. The SIC is more conservative
with respect to the number of parameters in the models than the AIC; thus,
if the choice of a parsimonious model is the objective, the former should be
preferred.

An alternative exists for choosing which effects should be considered as
random and which ones as purely fixed: this consists of fitting a model that
includes all candidate effects as mixed, then an examination of eigenvalues
of the estimated variance-covariance matrix indicates which random effects
can be dropped from the model [36].

In many practical situations, such as unequal sample sizes among clus-
ters, the maximum likelihood estimators are biased because of the estimation
of variance components, and RESTRICTED MAXIMUM LIKELIHOOD (REML)
should be used [34]. REML can be used to test if a random effect is signifi-
cantly different from zero (i.e. its associated variance is non-null). However,
in this framework, the distribution of the test statistic (REML ratio test)
does not follow the usual x? distribution, but rather a 50:50 mixture of x?2
distributions [29].

Like the linear model, the linear mixed-effects model (denoted LME)
can be generalized in different ways, the most common are the nonlinear
mixed-effects model (NLME), and the generalized linear mixed-effects model
(GLMM).

Fitting GLMMs is more difficult than fitting LMEs because of the need
to integrate the likelihood over the random effects. Several approaches have
been proposed which may be classified in two broad categories: approxima-
tions of the high-dimensional integration, and Bayesian methods using com-
puter intensive algorithms [32]. Currently, the most “practical” approach
seems to be based on penalized quasi-likelihood (PQL) [3]. A wise choice
seems to fit GLMMs with two methods (PQL and Bayesian) and compare
the consistency of the results [40].

15



The significance of fixed effects in a GLMM can be tested with the usual
Wald test which follow a x? distribution. Lin [21] proposes a global test for
the null hypothesis that all variance components in a GLMM are zero, and
tests of the individual variance components seperately; this procedure does
not require fitting of the mixed model, and is robust to misspecification of
the joint distribution of the variance components.

Appendix 3. Softwares and packages

General softwares

e Genstat® performs analysis of LMEs (possibly multivariate), of re-
peated measurements, spatial models, and GLMMs. There are also
extensive graphics facilities. Genstat is available for a wide range of
systems. http://www.vsn-intl.com/genstat/index.htm

e LISREL is particularly oriented for the analysis of structural equations
models, and includes LMEs and NLMEs for normal data. It is available
for Windows, Macintosh and Unix/Linux.
http://www.ssicentral.com/lisrel /mainlis.htm

e LispStat is written in the Lisp language. It has an extensive graphic
environment, including dynamic and spinning plots. Binaries for Win-
dows, Macintosh, and some Unix systems, as well as the source code
are available at
http://www.stat.umn.edu/ luke/xls/xlsinfo/xIsinfo.html.

e R is a language defined as a dialect of S (see S-PLUS below). Most
of the facilities of interest here are included in packages that must be
installed separately from the base system of R: they allow analysis
with LMEs, NLMEs, GLMMs, and GEEs. Some packages specialize
in the analysis of spatial data. A module that links ggobi with R is
distributed at the ggobi Web-site (see below). Binaries for Windows,
Macintosh, and some Unix/Linux systems, as well as the source code
are available at http://cran.r-project.org/. The package nlme has its
own Web-page with documentation, and is similar to the one in S-
PLUS http://nlme.stat.wisc.edu/.

e SAS® contains procedures to fit LMEs, NLMEs, and GEEs. Macros,
particularly for GLMMSs, are freely distributed at
http://ewe3.sas.com/techsup/download/stat/. SAS is available for most
operating systems, general information can be found at
http://www.sas.com/.

e S-PLUS™js the commercial implementation of the S language. It
includes functions to fit LMEs and NLMEs. Many programs in S are
freely available (e.g., on statlib at http://stat.cmu.edu/S/). S-PLUS is
available for Windows and Unix/Linux. http://www.insightful.com/
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Stata®) contains procedures to fit LMEs, GEEs, generalized least squa-
res, and GLMMs for count data, and a number of corrections to correct
for variance heterogeneity. Stata is available for Windows, Macintosh
and Unix. http://www.stata.com/

ViSta is a software written in Lisp which is based on Lisp-Stat. It
includes flexible dynamic graphics, and a module for multi-level mod-
elling. Binaries for Windows and Macintosh, and the Lisp codes for
Unix are freely available at http://forrest.psych.unc.edu/research/.

Specialized softwares

aML is a software for multilevel models. It can analyse continuous, bi-
nomial, and negative binomial count responses. Binaries for Windows
and Unix/Linux are available at http://www.applied-ml.com/.

BUGS is a program that carries out Bayesian analysis of complex mod-
els which are specified with a declarative language through a graphical
interface. The program is distributed in different forms, see
http://www.mre-bsu.cam.ac.uk /bugs/.

DFREML is a suite of programs to estimate (co)variance components
or covariance functions, and the resulting genetic parameters by REML
fitting of an animal model. DFREML is available free of charge to
the scientific community. The code in Fortran 90, and binaries for
Unix/Linux and DOS are available at

http://agbu.une.edu.au/ kmeyer/dfreml.html.

Egret is a Windows program that includes notably the GLMM for
binomial responses (called logistic regression with random effects in
this program). Information available at
http://www.cytel.com/new.pages/EGRET.2.html.

ggobi is a software for dynamic graphics with several facilities. It
is currently in developement and will supersede XGobi. Binaries for
Windows and the codes are available at http://www.ggobi.org/.

HLM is a Windows program that fits several linear and non-linear
models with random effects for normal and non-normal responses. In-
formation available at http://www.ssicentral.com/hlm/hlm.htm.

MANET is a software for data visualization and exploration which is
remarkable for its interactivity. It is mentioned here because it includes
conditional graphics though in a restricted implementation compared
to what is available in R or S-PLUS. Binaries for Macintosh are freely
distributed at http://wwwl.Math.Uni-Augsburg. DE/Manet/.

MLwiN is a software package for fitting multilevel models. Binaries for
Windows are available: http://multilevel.ioe.ac.uk/index.html.
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e Orca is a program for interactive and dynamic graphics. Binaries (re-
quiring Java) and codes are available at
http://software.biostat.washington.edu/statsoft /orca.

e PEST is a Fortran program for multivariate prediction and estimation
with breeding data; it covers fixed, random and mixed models. Further
informations are available at ftp://ftp.tzv.fal.de/pub/pest/doc/.

e SUDDAN is a software specialized in the analysis of correlated data
with GEEs; is implements many variants of this method. It is available
for Windows and Solaris at http://www.rti.org/sudaan/.

e TRIM is a free Windows software for the analysis of population trends
data. It fits a log-linear model to population counts with GEEs. It
is available from Statistics Netherlands, PO Box 4000, 2270 JM Voor-
burg, Netherlands.

e VCE is a program to estimate covariance matrices in a rather general
manner, it is oriented to the analysis of breeding data. It is freely avail-
able for research purposes. Binaries for Windows and Unix/Linux are
available at http://www.tzv.fal.de/institut /genetik /vced /veed.html.

e XGobi and XGvis are two programs written in C for high-dimensional
data visualization. XGobi has many tools including dynamic graphics.
XGvis performs several forms of multidimensional scaling, and uses
XGobi as its visualization engine. Codes are freely available at
http://www.research.att.com/areas/stat /xgobi/.

Appendix 4. Glossary

Akaike information criterion (AIC): a likelihood-based model selection
criterion which can compare nested or non-nested models. The AIC is a
trade-off between the fit of the model to the data (measured by its likelihood)
and the number of parameters in the model (models with more parameters
will tend to fit data better).

Best linear unbiased predictor (BLUP): the best predictor, for any type
of model, requires that the distribution of the random variables be known.
The best predictor is the conditional mean of the predictor given the data
vector, which is unbiased and has the smallest mean squared error of all
predictors. However, in general the required distributions are not known,
though a linear function can be used instead.

Generalized additive models (GAMSs): this is an extension of the GLMs
where the relationship between the predictors and the response is modelled
in a non-parametric way using smooth (continuous) functions.

Generalized linear models (GLMs): this is an approach for the linear
regression of a wide range of data (continuous, discrete, counts). Its two
main features are: (a) a linear model of the transformed mean g(u) = X,
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where ¢ is called a link function (note that the mean is transformed, not
the observations), (b) the dispersion of the data around the expected mean
is given by Var(y) = ¢V (u) with ¢ the dispersion parameter, and V' (u) the
variance function which is given with respect to the assumed distribution
of y (¢ is fixed or estimated from the data depending on this distribution).
The GLM includes several methods (standard linear regression, logistic re-
gression, log-linear Poisson regression, analysis of variance with fixed effects)
as special cases.

Overdispersion: this concept applies only when there is an expected vari-
ance of the observations. This is the case mainly for count data, for instance,
if a Poisson distribution is assumed, then the variance is expected to be equal
to the mean Var(y) = E(y); if a binomial distribution is assumed then we
expect Var(y) = E(y)[1 — E(y)].

Restricted (residual) maximul likelihood (REML): a modification of
the maximum likelihood (ML) estimation method when some effects in the
model are random, thus avoiding some biases in the ML estimates (though
the word restricted is commonly used, residual is the correct one).

Schwarz information criterion (SIC): this is also called the Bayesian
information criterion (BIC, or sometimes simply SC or BC). It is similar to
the AIC, but in addition to the number of parameters, a penalty is given
with respect to (the log-transformed) sample size. The SIC will tend to
select more parsimonious models than the AIC.
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Fig. 1. Ilustration of the mixed-effects modelling approach. Suppose two
variables (denoted x and y) are observed 20 times on 6 clusters. The interest
is in modelling a linear relationship between x and y but this is likely to vary
among clusters. Thus we may assume that the parameters of the linear model
(the intercept and the slope, denoted « and [, respectively) are random
variables following a normal distribution each characterized by a mean (pq
and pg) and a standard-deviation (o, and og). (a) This random intercept
model assumes a fixed effect of x on y (03 = 0) and a random intercept per
cluster (a ~ N(fta,02)). Considering the intercept as random implies the
estimation of two parameters (p, and 0,) whatever the number of clusters,
whereas fitting different lines to each cluster would imply the estimation of as
many intercepts as clusters. It is interesting to note that if we assume a null
slope (8 = 0 for all clusters) then the resulting random intercept model is
similar to a one-way analysis of variance with a single random factor; thus the
model represented on the figure can be viewed as an analysis of covariance
with a fixed continuous covariate and a single random factor. Note that
estimating the parameters of the distribution of the intercepts (the variance
component), and estimating the actual values of these intercepts for each
cluster (the random effects) are two distinct issues; the dashed lines with
the different intercepts are here to illustrate the idea of a random intercept.
(b) The random slope model represented here assumes 8 ~ N(ug, 0’%), and
0o = 0. It is possible to assume pug = 0, og # 0, that is no fixed effect of
x on y, only a random effect of cluster (see the application to the analysis
of fluctuating asymmetry). (c) Scatterplot of y vs. x conditioned on cluster
(labeled A through F): this suggests that a model with both random intercept
and slope might fit these data (they were actually simulated with y;; =
ﬁjﬂ?ij +0¢j +€’L'j7 where ﬂj ~ ]\7(17 1), Qg ~ N(1,4), €5 ~ ]\7(07 1), 1= 1, . 207
and j =1,...6).
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